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Abstract. This paper introduces procedures to test strict satisfiability and de-
cide logical implication for a family of database schemas called extralite sche-
mas with role hierarchies. Using the OWL jargon, extralite schemas support
named classes, datatype and object properties, minCardinalities and maxCardi-
nalities, InverseFunctionalProperties, class subset constraints, and class dis-
jointness constraints. Extralite schemas with role hierarchies also support subset
and disjointness constraints defined for datatype and object properties. Strict sa-
tisfiability imposes the additional restriction that the constraints of a schema
must not force classes or datatype or object properties to be always empty, and
is therefore more adequate than the traditional notion of satisfiability in the con-
text of database design. The decision procedures outlined in the paper are based
on the satisfiability algorithm for Boolean formulas in conjunctive normal form
with at most two literals per clause, and explore the structure of a set of con-
straints, captured as a constraint graph. The paper includes a proof that the pro-
cedures work in polynomial time and are consistent and complete for a subfa-
mily of the schemas that impose a restriction on the role hierarchy.
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1 Introduction

The problem of satisfiability is often taken for granted when designing database
schemas, perhaps based on the implicit assumption that real data provides a consistent
database state. However, this implicit assumption is unwarranted when the schema re-
sults from the integration of several data sources, as in a data warehouse or in a medi-
ation environment. In fact, when we have to combine semantically heterogeneous data
sources, we should expect conflicting data or, equivalently, mutually inconsistent sets
of integrity constraints. The same problem also occurs during schema redesign, when
changes in some constraints might create conflicts with other parts of the database
schema. Naturally, the satisfiability problem is aggravated when the schema integra-



tion process has to deal with a large number of source schemas, or when the schema
to be redesigned is complex.

We may repeat similar remarks for the problem of detecting redundancies in a
schema, that is, the problem of detecting which constraints are logically implied by
others. The situation is analogous if we replace the question of satisfiability by the
question of logical implication.

A third similar, but more sophisticated problem is to automatically generate the
constraints of a mediated schema from the sets of constraints of export schemas. The
constraints of the mediated schema are indeed relevant for a correct understanding of
what the semantics of the external schemas have in common.

With this motivation, we focus on the crucial challenge of selecting a sufficiently
expressive family of schemas that is useful for defining real-world schemas and yet is
tractable, i.e., for which there are practical procedures to test the satisfiability of a
schema, to detect redundancies in a schema and to combine the constraints of export
schemas into a single set of mediated schema constraints. The intuitive metrics for
expressiveness here is that the family of schemas should account for the commonly
used conceptual constructs of OWL, UML and the ER model. By a practical proce-
dure, we mean a procedure which is polynomial on the size of the set of constraints of
the schema.

As an answer to this challenge, we first introduce a family of schemas that we call
extralite schemas with role hierarchies. Using the OWL jargon, this family supports
named classes, datatype and object properties, minCardinalities and maxCardinalities,
InverseFunctionalProperties, which capture simple keys, class subset constraints, and
class disjointness constraints. Extralite schemas with role hierarchies also support
subset and disjointness constraints defined for datatype and object properties (forma-
lized as atomic roles in Description Logics). We then introduce the subfamily of re-
stricted extralite schemas with role hierarchies, which limits the interaction between
role hierarchies and cardinality constraints.

Testing satisfiability for extralite schemas with role hierarchies turns out to be
EXPTIME-hard, as a consequence of the results in [1]. However, for the restricted
schemas, we show how to test strict satisfiability and logical implication in polynomi-
al time. Strict satisfiability imposes the additional restriction that the constraints of a
schema must not force classes or properties to be always empty, and is more adequate
than the traditional notion of satisfiability in the context of database design.

The syntax and semantics of extralite schemas is that of Description Logics to faci-
litate the formal analysis of the problems we address. However, we depart from the
tradition of Description Logics deduction services, which are mostly based on tab-
leaux techniques [3]. The decision procedures outlined in the paper are based on the
satisfiability algorithm for Boolean formulas in conjunctive normal form with at most
two literals per clause, described in [2]. The intuition is that the constraints of an
extralite schema can be treated much in the same way as Boolean implications. Fur-
thermore, the implicational structure of the constraints can be completely captured as
a constraint graph. The results also depend on the notion of Herbrand interpretation
for Description Logics.

The notion of constraint graph is the key to meet the challenge posed earlier. It
permits balancing expressiveness and decidability, in the sense that it accounts for a
useful family of constraints and yet leads to decision procedures which are polynomi-



al on the size of the set of constraints. This balancing is achieved by a careful analysis
of how the constraints interact.

Constraint graphs can be used to help detect inconsistencies in a set of constraints
and to suggest alternatives to fix the problem. They help solve the query containment
and related problems in the context of schema constraints [8]. They can also be used
to compute the greatest lower bound of two sets of constraints, which is the basic step
of a strategy to automatically generate the constraints of a mediated schema from the
sets of constraints of the export schemas [9]. The appendix illustrates, with the help of
examples, how to use constraint graphs to address such problems.

The main contributions of the paper therefore are the family of extralite schemas
with role hierarchies, the procedures to test strict satisfiability and logical implication,
which explore the structure of sets of constraints, captured as a constraint graph, and
the concept of Herbrand interpretation for Description Logics. The results in the paper
indicate that the procedures are consistent and complete for restricted extralite sche-
mas with role hierarchies, and work in polynomial time. These results extend those
published in [9] for extralite schemas without role hierarchies.

There is a vast literature on the formal verification of database schemas and on the
formalization of ER and UML diagrams. We single out just a few references here.
The problem of modeling conceptual schemas in DL is discussed in [4]. DL-Lite is
used, for example, in [5][6] to address schema integration and query answering. A
comprehensive survey of the DL-Lite family can be found in [1]. Techniques from
Propositional Logic to support the specification of Boolean and multivalued depen-
dencies were addressed in [11].

When compared with the DL-Lite family [1], extralite schemas with role hierar-

chies are a subset DL- Litecjo’gv with role disjunctions. The restricted schemas in turn

are a subset of DL- Lit (ffv ) with role disjunctions only, which limits the interaction

between role inclusions and cardinality constraints. We emphasize that restricted
extralite schemas are sufficiently expressive to capture the most familiar constructs of
OWL, UML and the ER model [4], and yet come equipped with useful decision pro-
cedures that explore the structure of sets of constraints.

The paper is organized as follows. Section 2 reviews DL concepts and introduces
the notion of extralite schemas with role hierarchies. Section 3 shows how to test
strict satisfiability and logical implication for restricted extralite schemas with role
hierarchies. It also outlines proofs for the major results of the paper, whose details can
be found in [10]. Section 4 contains examples of the concepts introduced in Sections 2
and 3, and briefly discusses two applications of the results of Section 3. Finally, Sec-
tion 5 contains the conclusions.

2 A Class of Database Schemas

2.1 A Brief Review of Attributive Languages

We adopt a family of attributive languages [3] defined as follows. A language L in
the family is characterized by an alphabet A, consisting of a set of atomic concepts, a



set of atomic roles, the universal concept and the bottom concept, denoted by T and

1, respectively, and the universal role and the bottom role, also denoted by T and L,
respectively.
The set of role descriptions of L is inductively defined as
e Anatomic role and the universal and bottom roles are role descriptions
e If pisarole description, then the following expressions are role descriptions

p (the inverse of p)
—p (the negation of p)

The set of concept descriptions of L is inductively defined as

e An atomic concept and the universal and bottom concepts are concept descrip-
tions

o If e is a concept description, p is a role description, and n is a positive integer,
then the following expressions are concept descriptions

—e (negation)

dp (existential quantification)
Enp) (at-most restriction)
=np) (at-least restriction)

An interpretation s for L consists of a nonempty set A’, the domain of s, whose
elements are called individuals, and an interpretation function, also denoted s, where:

s(T)y=A" if T denotes the universal concept

s(T)=A*x A°* if T denotes the universal role

s(Ly=9 if L denotes the bottom concept or the bottom role
s(A) c A for each atomic concept 4 of A

s(P)c A’x A’ for each atomic role P of A

The function s is extended to role and concept descriptions of L as follows (where
e is a concept description and p is a role description):

s(p)=sp) (the inverse of s(p))
s(—p) =A"x A" —s(p) (the complement of s(p) with respect to A* x A®)
s(—e) = A° - s(e) (the complement of s(e) with respect to A®)

s(@p) = {I{eA° | (FJeN)(LJ)es(p)}

(the set of individuals that s(p) relates to some individual)
sCGn p)={IeN° | |{JeA° | (IJ)es(p)}| = n}

(the set of individuals that s(p) relates to at least » distinct individuals)
s(Sn p)={IeN’ | |{JeA° |/ (I.J)es(p)}| < n}

(the set of individuals that s(p) relates to at most » distinct individuals)

A formula of L is an expression of the form u = v, called an inclusion, or of the
form u | v, called a disjunction, or of the form u = v, called an equivalence, where
both u and v are concept descriptions or both u and v are role descriptions of L. We
also say that u = v is a concept inclusion iff both u and v are concept descriptions, and
that u = v is a role inclusion iff both u and v are role descriptions; and likewise for the
other types of formulas.



An interpretation s for L satisfies u © v iff s(u) < s(v), s satisfies u | v iff
s(u) N s(v) = J, and s satisfies u = v iff s(u) = s(v). A formula o is a tautology iff any
interpretation satisfies o. Two formulas are tautologically equivalent iff any interpre-
tation s that satisfies one formula also satisfies the other.

Given a set of formulas %, we say that an interpretation s is a model of X'iff s satis-
fies all formulas in 2, denoted s = 2. We say that 2'is satisfiable iff there is a model
of 2. However, this notion of satisfiability is not entirely adequate in the context of
database design since it allows the constraints of a schema to force atomic concepts or
atomic roles to be always empty. Hence, we define that an interpretation s is a strict
model of X'iff s satisfies all formulas in 2'and s(C)#J, for each atomic concept C, and
s(P)#J, for each atomic role P; we say that 2'is strictly satisfiable iff there is a strict
model for X In addition, we say that 2 logically implies a formula o, denoted 2= o,
iff any model of X'satisfies o

2.2 Extralite Schemas with Role Hierarchies

An extralite schema with role hierarchies is a pair S=(A,%) such that

e Ais an alphabet, called the vocabulary of S

e Yis a set of formulas, called the constraints of S, which must be of one the
forms (where C and D are atomic concepts, P and Q are atomic roles, p denotes
P or its inverse P, and Kk is a positive integer):

Domain Constraint: 3P = C (the domain of P is a subset of C)

Range Constraint: IP = C (the range of P is a subset of C)

minCardinality constraint: CE (>kp)  (p maps each individual in C to at least
k individuals)

maxCardinality constraint: C= (<kp)  (p maps each individual in C to at most
k individuals)

Concept Subset Constraint: C= D (C is a subset of D)

Concept Disjointness Constraint: C|D  (C and D are disjoint atomic concepts)

Role Subset Constraint: P = Q (P is a subset of Q)

Role Disjointness Constraint: P | O (P and Q are disjoint atomic roles)

We say that a formula of one of the above forms is an extralite constraint, the con-
cept subset and disjointness constraints of S are the concept hierarchy of S, and the

role subset and disjointness constraints of S are the role hierarchy of S.
We normalize a set of extralite constraints by rewriting:

IPcC as (lP)C=C

rcc as z1pP)cC
CC(2kP) as Cc —(2k+1P)
Cc(zkP) as CC —(Zk+1P)
C|D as cc-D

PO as PE—-Q



The formula on the right-hand side is called the normal form of the formula on the
left-hand side. Observe that: a formula and its normal form are tautologically equiva-
lent; the normal forms avoid the use of existential quantification and at-most restric-
tions; negated descriptions occur only on the right-hand side of the normal forms; in-
verse roles do not occur in role subset or role disjoint constraints.

Furthermore, we close the set of extralite constraints by also considering as an
extralite constraint any inclusion of one of the forms

ccl GmpyE L GEmp)E(2nq)
PCL (Emp)E-C (zmp)E —(2n q)

where C is an atomic concept, P is an atomic role, p and g both are atomic roles or
both are the inverse of atomic roles, and m and n are positive integers.

Finally, a restricted extralite schema with role hierarchies is a schema S=(A,2)
that satisfies the following restriction:

Role Hierarchy Restriction: If X contains a role subset constraint of the form P = Q,
then X contains no maxCardinality constraints of the forms C = (<k Q) or
Cc(gkQ), withk> 1.

Note that the normalization process will rewrite the above constraints as
CE —(2k+1 Q)and CE —(2k+1 Q7), withk > 1.

3 Testing Strict Satisfiability and Logical Implication

This section first introduces the notion of constraint graph. Then, it defines Herbrand
interpretations for Description Logics. Finally, it states results that lead to simple po-
lynomial procedures to test strict satisfiability and logical implication for restricted
extralite schemas with role hierarchies.

3.1 Representation Graphs

Let X be a finite set of normalized extralite constraints and (2 be a finite set of extra-
lite constraint expressions, that is, expression that may occur on the right- or left-hand
sides of a normalized constraint. The alphabet is understood as the (finite) set of
atomic concepts and roles that occur in X'and 2.

We say that the complement of a non-negated description c¢ is —¢, and vice-versa.

We denote the complement of a description d by d . Proposition 1 states properties of
descriptions that will be used in the rest of this section.

Proposition 1: Let e, fand g be concept or role descriptions, P and Q be atomic roles,
and p be either P or P". Then, we have:
(1) (=np)E (=2m p) is a tautology, where 0<m<n.

(ii) e fis tautologically equivalentto f = & .

(iii) If 2'logically implies e = f'and f = g, then X'logically implies e = g.



(iv) If X logically implies P = @, then 2 logically implies (=k P) = (=k Q) and
kP (2k0).

(v) If 2 logically implies (=1 P)=—(=1 Q) or (21 P)E —(=1 Q)), then X' logi-
cally implies P = —Q.

(vi) If 2'logically implies e = f'and e = —f, then 2'logically implies e = L.

(vii) If 2'logically implies (=1 P)= L or (=1 P") E L, then Xlogically implies P = L.

(viii) If 2'logically implies P = L, then X' logically implies Gm P)= 1, Gm P)E L,
TC=(<nP)and T =(<n P)), where m>0and n> 0. [J

In the next definitions, we introduce graphs whose nodes are labeled with expres-
sions or sets of expressions. Then, we use such graphs to create efficient procedures
to test if X'is strictly satisfiable and to decide logical implication for 2. Finally, it will
become clear when we formulate Theorem 2 that the definitions must also consider an
additional set £2 of constraint expressions.

To simplify the definitions, if a node K is labeled with an expression e, then K de-
notes the node labeled with € . We will also use K— M to indicate that there is a path
from a node K to a node M, and K+ M to indicate that no such path exists; we will use
e—f to denote that there is a path from a node labeled with e to a node labeled with f,
and e+ fto indicate that no such path exists.

Definition 1: The labeled graph g(2, ) that captures 2 and €2, where each node is la-
beled with an expression, is defined in four stages as follows:

Stage 1:

Initialize g(2 €2) with the following nodes and arcs:

(i) For each atomic concept C, g(2,£J) has exactly one node labeled with C.

(il) For each atomic role P, g(2 €2 has exactly one node labeled with P, one
node labeled with (>/ P), and one node labeled with (>1 P").

(iii) For each expression e that occurs on the right- or left-hand side of an inclu-
sion in 2, or that occurs in 2, other than those in (i) or (ii), g(2,£2) has exact-
ly one node labeled with e.

(iv) For each inclusion e = f'in 2, g(2 () has an arc (M,N),where M and N are
the nodes labeled with e and f, respectively.

Stage 2:

Until no new node or arc can be added to g(% €2,
For each role inclusion P Q in 2,
For each node K,
(1) if Kis labeled with (=k P), for some k>0, then add a node L labeled with (=&
Q) and an arc (K, L), if no such node and arc exists;
if K is labeled with (=k P"), for some k>0, then add a node L labeled with

(=2k Q") and an arc (K,L), if no such node and arc exists.;



(i) if K is labeled with (=k Q), for some k>0, then add a node L labeled with (=k
P) and an arc (L,K), if no such node and arc exists;

(iii) if K is labeled with (=k Q"), for some k>0, then add a node L labeled with
(2k P7) and an arc (L,K), if no such node and arc exists.

Stage 3:

Until no new node or arc can be added to g(2,€),

(1) If g(2 <€) has a node labeled with an expression e, then add a node labeled
with €, if no such node exists.

(i) If g(2 <€) has a node M labeled with (=m p) and a node N labeled with (>n
p), where p is either P or P~ and 0<m<n, then add an arc (N,M), if no such
arc exists.

(iii) If g(% <2 has an arc (M,N), then add an arc (N, M ), if no such arc exists.

Stage 4:

Until no new node or arc can be added to g( £,
for each pair of nodes M and N such that M and N are labeled with (=1 P)
and —(=1 Q), respectively, and there is a path from M to N
add arcs (K,L) and (L, K ),where K and L are the nodes labeled with P
and —Q, respectively, if no such arcs exists. [J

Note that Stage 2 corresponds to Proposition 1(iv), Stage 3(ii) to Proposition 1(i),

Stage 3(iii) to Proposition 1(ii), and Stage 4 to Proposition 1(v).

Definition 2: The constraint graph that represents 2 and (2 is the labeled graph
G(2, (), where each node is labeled with a set of expressions, defined from g(2, € by
collapsing each clique of g(2,£J) into a single node labeled with the expressions that
previously labeled the nodes in the clique. When 2 is the empty set, we simply write
G(2) and say that G(2) is the constraint graph that represents X. [

Note that Definition 2 reflects Proposition 1(iii).

Definition 3: Let G(2,£J) be the constraint graph that represents 2 and (2. We say that
a node K of G(2,£) is a L-node with level n, for a non-negative integer n, iff one of
the following conditions holds:

(i)

K is a L-node with level 0 iff there are nodes M and N, not necessarily distinct
from K, and a positive expression /4 such that M and N are respectively labeled

with 4 and —A, and K—M and K— N.

(i) K isa l-node with level n+1 iff

(a) There is a 1-node M of level n, distinct from K, such that K— M, and M is

the 1 -node with the smallest level such that K— M, or

(b) K is labeled with a minCardinality constraint of the form (=k P) or of the
form (2k P") and there is a 1 -node M of level n such that M is labeled with
P, or



(¢) K s labeled with an atomic role P and there is a 1-node M of level n such
that M is labeled with a minCardinality constraint of the form (>/ P) or of
the form (=1 P"). [

Note that cases (i) and (ii-a) of Definition 3 correspond to Proposition 1(vi), case
(ii-b) to Proposition 1(viii), and case (ii-c) to Proposition 1(vii).

Definition 4: A node K is a L-node of G(2,€) iff K is a L-node with level n, for some
non-negative integer n. A node X is a T-node of G(2, ) iff K is a L-node. [

To avoid repetitions, in what follows, let g(2; €2) be the graph that captures 2'and 2
and G(2, () be the graph that represents 2 and (2 . Proposition 2 lists properties of
2(2,£)) that directly reflect the structure of the set of constraints 2. Proposition 3 ap-
plies the results in Proposition 2 to obtain properties of G(2 (2 that are fundamental
to establish Lemma 1 and Theorems 1 and 2. Finally, Proposition 4 relates the struc-
ture of G(2, (2 with the logical consequences of 2

Proposition 2: For any pair of nodes K and M of g(2 €)):

(i) If there is a path K—M in g(2,€) and if M is labeled with a positive expression,
then K is labeled with a positive expression.

(i) If there is a path K—M in g(X () and if K is labeled with a negative expression,
then M is labeled with a negative expression. [

Proposition 3:

(1) G2 is acyclic.

(i) For any node K of G(2 €, for any expression e, we have that e labels K iff € la-
belsK .

(iii) For any pair of nodes M and N of G(Z,£2), we have that V>N iff N > M .

(iv) For any node K of G(X €2, one of the following conditions holds:
(a) Kis labeled only with atomic concepts or minCardinality constraints of the
form (=m p), where p is either P or P~ and m > 1, or
(b) Kis labeled only with atomic roles, or
(¢) K is labeled only with negated atomic concepts or negated minCardinality
constraints of the form —(>m p), where p is either P or P and m > 1, or
(d) Kislabeled only with negated atomic roles.

(v) For any pair of nodes K and M of G(2,£)),

(a) If there is a path K—M in G(2,€)) and if M is labeled with a positive ex-
pression, then K is labeled only with positive expressions.

(b) If there is a path K—M in G(X ) and if K is labeled with a negative ex-
pression, then M is labeled only with negative expressions.

(vi) For any node K of G(2,€2),
(a) IfKisa l-node, then K is labeled only with atomic concepts or minCardi-

nality constraints of the form (=m p), where p is either P or P-and m > 1,
or K is labeled only with atomic roles.



(b) If Kis a T-node, then K is labeled only with negated atomic concepts or
negated minCardinality constraints of the form —(=m p), where p is either

Por P and m > 1, or K is labeled only with negated atomic roles.
(vii) Assume that 2 has no inclusions of the form e = —(=k P) or of the form e =
—(=k P"). Let M be the node labeled with —(=k P) (or with —(=k P")). Then, for

any node K of G(X £), if there is a path K—M in G(2, (), then K is labeled only
with negative concept expressions. [

Proposition 4:

(1) For any pair of nodes M and N of G(2 €2), for any pair of expressions e and f'that

label M and N, respectively, if M—Nthen Y=eC f.

(i) For any node K of G(2€J), for any pair of expressions e and f that label X,
ZEe=f

(iii)) For any node K of G(2 €J), for any expression e that labels K, if K is a L-node,
then 2l=eC L.

(iv) For any node K of G(X €, for any expression e that labels K, if K is a T-node,
then 2= T Ce. [J

3.2 Herbrand Interpretations and Instance Labeling Functions

To prove the main results, we introduce in this section the notion of canonical Her-
brand interpretation for a set of constraints. The definition mimics the analogous no-
tion used in automated theorem proving strategies based on Resolution.

Definition 5:

(i) A set @ of distinct function symbols is a set of Skolem function symbols for
G(2, ) iff @ associates:
(a) n distinct unary function symbols with each node N of G(X () labeled
with (=n P), denoted f;/N,P],..., f,/N,P] for ease of reference;
(b) n distinct unary function symbols with each node N of G(X () labeled
with (=n P"), denoted g;/N,P]...., g,/N,P] for ease of reference;
(c) a distinct constant with each node N of G(2 (2 labeled with an atomic
concept or with (=1 P), denoted c¢/N] for ease of reference.
(i1) The Herbrand Universe A[ @] for @ is the set of first-order terms constructed
using the function symbols in @. The terms in 4/ @] are called individuals. [

In the next definition, recall that use Q— P to indicate that there is a path from a
node Q to anode P in G(Z €J).

Definition 6:
(1) An instance labeling function for G(2,€2) and A[@] is a function s’ that asso-
ciates a set of individuals in A/ @] to each node of G(2,(2) labeled with concept

expressions, and a set of pairs of individuals in A/ @] to each node of G(2, () la-
beled with role expressions.



(i)

Let N be a node of G(2,€J) labeled with an atomic concept or with (=k P). As-
sume that N is not a 1-node. Then, the Skolem constant ¢/NJ is a seed term of
N, and N is the seed node of c¢[N].

(iii)) Let Np be the node of G(2,£J) labeled with the atomic role P. Assume that Np is

(iv)

not a 1-node. For each term a, for each node M labeled with (>m P), if aes’(M)

and there is no node K labeled with (>k Q) such that m < k, Q—P and aes’(K),
then

(a) the pair (a, f,[M,P](a)) is called a seed pair of Np triggered by acs’(M),
for re/1,m/,

(b) the term f,/M,P](a) is a seed term of the node L labeled with (= 1 P"), and
L is called the seed node of f,/M,P](a), for re[2,m], if a is of the form
gi[J,P](b), for some node J and some term b, and for re/1,m], otherwise.

Let Np be the node of G(2 () labeled with the atomic role P. Assume that Np is

not a L-node. For each term b, for each node N labeled with (=n P"), if bes’(N)

and there is no node K labeled with (= k£ Q") such that n < k, Q—P and bes '(K),

then

(a) the pair (g,/N,P](b),b) is called a seed pair of Np triggered by bes’(N), for
refl,n], and

(b) the term g,/N,P](b) is a seed term of the node L labeled with (> 1 P), and L
is called the seed node of g,[N,P](b), for re[2,n], if b is of the form
filJ.P](a), for some node J and some term a, and for re/1,n/, otherwise. [|

Intuitively, the seed term of a node N will play the role of a unique signature of N,
and likewise for a seed pair of a node Np.

Definition 7: A canonical instance labeling function for G(2,€2) and A[ @] is an in-
stance labeling function that satisfies the following restrictions, for each node K of
G(2€)):

(2)

(b)

(©)
(d)

(e)

Assume that K is a concept expression node, and that K is neither a 1-node nor a

T-node. Then, tes’(K) iff ¢ is a seed term of a node J and there is a path from J
to K.

Assume that K is a role expression node and is neither a L-node nor a T-node.
Then, (t,u)es’(K) iff (t,u) is a seed pair of a node J and there is a path from J to
K.

Assume that K is a L-node. Then, s '(K) = &.

Assume that K is a concept expression node and is a T-node. Then, s'(K) =
Al

Assume that K is a role expression node and is a T-node. Then, s '(K) = A/ @] x
A[@]. 0

Proposition 5: Let s’ be canonical instance labeling function for G(2,£2) and A/Q@j.
Then

(1)

For any pair of nodes M and N of G(Z,€J), if M— N then s’ (M) < s’(N).



(i1) For any pair of nodes M and N of G(2, () that both are concept expression nodes
or both are role expression nodes, s’ (M) N s’(N) = & iff there is a seed node K

such that K—M and K—N.

(iii) For any node Np of G(2,€J) labeled with an atomic role P, for any node M of
G(2 €) labeled with (=m P), for any term tes’(M), either s’(Np) contains all
seed pairs triggered by tes’(M), or there are no seed pairs triggered by tes’(M).

(iv) For any node Np of G(2 € labeled with an atomic role P, for any node N of
G(2,€) labeled with (=n P"), for any term tes’(N), either s’(Np) contains all
seed pairs triggered by tes’(N), or there are no seed pairs triggered by tes’(N).LJ

Recall that the alphabet is understood as the (finite) set of atomic concepts and
roles that occur in X' and 2. Hence, in the context of 2 and (2, when we refer to an in-
terpretation, we mean an interpretation for such alphabet.

Definition 8: Let s’ be a canonical instance labeling function for G(2,£2) and 4/@)j.
The canonical Herbrand interpretation induced by s’ is the interpretation s defined as
follows:

(a) A/@] is the domain of s.

(b) s(C)=s’(M), for each atomic concept C, where M is the node of G(Z,Q) labeled
with C (there is just one such node).

(¢) s(P)=s’(N), for each atomic role P, where N is the node of G(Z,Q) labeled with
P (again, there is just one such node).

3.3 Strict Satisfiability and Logical Implication for Extralite Schemas with
Restricted Role Hierarchies

We now ready to prove the main results of the paper that lead to efficient decision
procedures to test strict satisfiability and logical implication for restricted extralite
schemas with role hierarchies.

In what follows, let 2 be a finite set of normalized extralite constraints and (2 be a
finite set of extralite constraint expressions. Let G(X £J) be the graph that represents X'
and Q.

Lemma 1: Assume that 2 satisfies the role hierarchy restriction. Let s’ be a canonical

instance labeling function for G(2,€2) and A/ @]. Let s be the canonical Herbrand in-

terpretation induced by s’. Then, we have:

(i) For each node N of G(2 <)), for each positive expression e that labels N,
s’ (N)=s(e).

(il) For each node N of G(2 (), for each negative expression —e that labels N,
s’(N) C s(—e).

Proof Sketch Let s’ be a canonical instance labeling function for G(2,£2) and A/ @).

Let s be the interpretation induced by 5.

(i) Let N be a node of G(2,€2). Let e be a positive expression that labels N.



First observe that N cannot be a T-node. Indeed, by Prop. 3(vi-b), T-nodes are la-
beled only with negative expressions, which contradicts the assumption that e is a
positive expression. Then, there are two cases to consider.

Case 1: Nis not a 1L-node.

We have to prove that s(e) = s’(N). By the restrictions on constraints and constraint
expressions, since e is a positive expression, there are 4 cases to consider.

Case 1.1: e is an atomic concept C.
By Def. 8(b), s(C) = s’(N).

Case 1.2: e is an atomic role P.

By Def. 8(c), s(P) = s’(N).

Case 1.3: e is of the form (>n P).

Let Np be the node labeled with P. Then, Np is not a 1-node. Indeed, assume other-
wise. Then, by Def. 3(ii-b) and Def. 4, the node L labeled with (=/ P) would be a
L-node. But, by construction of G(ZX €2), there is an arc from N (the node labeled with
(=2n P)) to L. Hence, N would be a L-node, contradicting the assumption of Case 1.
Furthermore, since Np is labeled with the positive atomic role P, by Prop. 3(vi-b), Np

cannot be a T-node.

Then, since Np is neither a 1 -node nor a T-node, Def. 7(b) applies to s '(Np).

Recall that N is the node labeled with (=r P) and that N is neither a 1-node nor a
T-node. We first prove that
(1) aes’(N) implies that aes((=n P))

Let aes’(N). Let K be the node labeled with (>k P) such that aes’(K) and k is the
largest possible integer greater than n. Since aes’(K) and k is the largest possible,
there are k pairs in s’(Np) whose first element is a, by Prop. 5(iii). By Def. 8(c),
s(P)=s’(Np). Hence, by definition of minCardinality, aes((>k P)). But again by defi-
nition of minCardinality, s((=k P)) < s((=n P)), since n < k, by the choice of k. There-
fore, aes((>n P)).

We now prove that
(2) aes((zn P)) implies that aes’(N)

Since 2 'satisfies the role hierarchy restriction, there are two cases to consider.
Case 1.3.1: 2'defines no subroles for P.

Let aes((zn P)). By definition of minCardinality, there must be » distinct pairs
(a,by),...,(a,b,) in s(P) and, consequently, in s’(Np), since s(P)=s’(Np), by Def. 8(¢).

Recall that Np is neither a L-node nor a T-node. Then, by Def. 7(b) and Def. 6(iii),
possibly by reordering by, ...,b,, we then have that there are nodes L, L;,...L, such that



(3) (aby) is a seed pair of Np of the form (g;o/Ly P](u),u), triggered by ues’(Ly),
where L, is labeled with (>/, P"), for some iye[1,/)]

or

(4) (aby) is a seed pair of Np of the form (a, f;/L;,P](a)), triggered by aes’(L;),
where L, is labeled with (=/; P)

and

(5) (aby is a seed pair of Np of the form (a, f,,/L; ,P](a)), triggered by aes’(L,),
where L; is labeled with

i-1 i
L P), je [(Z'r)”'Z'r] , with wye[1,4] and ie[2,v]
=1

r=1

Furthermore, /;# [;, for i,je[2,v], with i #j, since only one node is labeled with
(2I; P). We may therefore assume without loss of generality that /;, > [, >...> [,. But
note that we then have that aes’(L;) and aes’(L;) and [; > [, for each ije[1,v], with
i<j. But this contradicts the fact that (a, f,,/L;P/(a)) is a seed pair of Ny triggered by
aes’(L;) since, by Def. 6(iii), there could be no node L; labeled with (=/; P) with /;> [,
and aes’(L;). This means that in fact there is just one node, L, that satisfies (5).

We are now ready to show that aes’(N).
Case 1.3.1.1: n=1.
Case 1.3.1.1.1: a is of the form g;o/L,,P](u).

Recall that Np is not a L-node. Then, by Def. 6(iv), g;o/LoP](u) is a seed term of the
node labeled with (=1 P), which must be N, since n=1 and there is just one node la-

beled with (=1 P). Therefore, since N is not a L-node or a T-node, by Def. 7(a),
aes’(N).

Case 1.3.1.1.2: a is not of the form g;o/Ly, P] ().

Then, by (4) and assumptions of the case, aes’(L;). Since, L; is labeled with (>/; P)
and N with (>1 P), either n=[;,=1 and N=L,, or [;>n =1 and (L;,N) is an arc of
G(2,€)), by definition of G(2,£J). Then, s’(L;)cs’(N), using Prop. 5(i), for the second
alternative. Therefore, acs’(N) as desired, since aes’(L;).

Case 1.3.1.2: n>1.

We first show that n < /;. First observe that, by (5) and n>1, s’(Np) contains a seed
pair (a, f,,/L;,P](a)) triggered by aes’(L;). Then, by Prop. 5(iii), s’(Np) contains all
seed pairs triggered by aes’(L;). In other words, we have that aes((> n P)) and (a,b,),
..(a,b,)es’(Np) and (a,b,),...,(a,b,) are triggered by aes’(L;). Therefore, either
(a,by),....(a,b,) are all pairs triggered by aes’(L;), in which case n=I;, or
(a,by),...,(a,b,),(a,b,:1), ...(a b,1 ), in which case n</;. Hence, we have that n </,.

Since L; is labeled with (=/; P) and N with (=n P), with n < [, either n=/; and
N=L;, or /;>n and (L;,N) is an arc of G(2(J), by definition of G(2 (). Then,



s’(L;)cs’(N), using Prop. 5(i), for the second alternative. Therefore, aes’(N) as de-
sired, since aes’(L;).

Therefore, we established that (2) holds. Hence, from (1) and (2), s '(N)=s((=n P)),
as desired.

Case 1.3.2: Y defines subroles for P.

Since X satisfies the role hierarchy restriction and defines subroles for P, then X has
no constraint of the form e = —(>1 P) or of the form e = —(=1 P"). The proof of this
case is a variation of that of Case 1.3.1.

Case 1.4: e is of the form (>n P).
The proof of this case is entirely similar to that of Case 1.3.
Case 2: Nis a L-node.

We have to prove that s(e) = s’(N) = . Again, by the restrictions on constraints and
constraint expressions, since e is a positive expression, there are 4 cases to consider.

Case 2.1: e is an atomic concept C.

Then, by Def. 8(b), we trivially have that s(C) = s’(N) = <.
Case 2.2: N is an atomic node P.

Then, by Def. 8(¢c), we trivially have that s(P) =s’(N) = &.

Case 2.3: ¢ is a minCardinality constraint of the form (=n p), where p is either P or P~
and /<n.

We prove that s((=n p))=, using an argument similar to that in Case 1.3. Let Np be
the node labeled with P.

Case 2.1.2.1: Npis a L-node
Then, by Def. 7(c) and Def. 8(c), s(P)=s ’(Np)=3. Hence, s((>n p))=3.
Case 2.1.2.2: Npis not a L-node.

By Prop. 3(vi-b), Np cannot be a T-node. Then, Def. 7(b) applies to s '(Np).
We proceed by contradiction. So, assume that s((>n p))#J and let aes((>n p)).

By definition of minCardinality and since s(P)=s’(Np), there must be n distinct
pairs (a,by),...,(a,b,) in s’(Np). Using an argument similar to that in Case 1.3, there are
nodes L, and L; such that

(6) (a,by) is a seed pair of Np of the form (g;/LyP](u),u), triggered by ues’(Ly),
where L, is labeled with (=], P"), for some iye[1,/)]
or

(7)  (a,by) is a seed pair of Np of the form (a, f;/L, P](a)), triggered by aes’(L,),
where L; is labeled with (=/; P)



and
(8) (ab;) is a seed pair of Np of the form (a, f,,/L,.P](a)), triggered by aes’(L, ),
where L; is labeled with (>/; P), with je[2,/;]

We are now ready to show that no such aes((=n p)) exists. Recall that n>1. We
first show that n < /,. First observe that, by (8) and n>1, s ’(Np) contains a seed pair (a,
JwlLiP](a)) triggered by aes’(L,). Then, by Prop. 5(iii), s '(Np) contains all seed pairs
triggered by aes’(L;). In other words, we have that aes((= n P)) and
(a,by),...,(a,b,)es’(Np) and (a,b,), ..., (a,b,) are triggered by aes’(L;). Therefore, either
(a,by),...,(a,b,) are all pairs triggered by aes’(L;), in which case n=[;, or
(a,by),....,(a,b,),(a,b,+)), ....(a, b,l), in which case n</;. Hence, we have that n < [;.

Since L, is labeled with (>/; P) and N with (>n P), with n < [,, either n=I[; and N=L,,
or /;>n and (L;,N) is an arc of G(2,€J), by definition of G(2,€). Then, s’(L;)=s’(N),
using Prop. 5(i), for the second alternative. Therefore, aes’(N), since aes’(L;). But
this is impossible, since s’ (N)=Z.

Hence, we conclude that s((>n p))=2.

Therefore, we have that, if N is a L-node, then s’(N)=s(e)=3, for any positive ex-
pression e that labels V.

Therefore, we established, in all cases, that Lemma 1(i) holds.

(i) Let NV be a node of G(2,£J). Let —e be a negative expression that labels V.

First observe that N cannot be a L-node. Indeed, by Prop 3(vi-a), L-nodes are labeled
only with positive expressions, which contradicts the assumption that —e is a negative
expression. Then, there are two cases to consider.

Case 1: Nis not a T-node.

We have to prove that s '(N) < s(—e).

Case 1.1: N is a concept expression node.

Suppose, by contradiction, that there is a term # such that zes’(N) and t¢s(—e).

Since t¢s(—e), we have that tes(e), by definition. Let M be the node labeled with
e. Hence, by Lemma 1(i), tes’(M). That is, t € s’ (M) N s’(N).

Note that M and N are in fact dual nodes since M is labeled with e and N is labeled
with —e. Therefore, since N is neither a L-node nor a T-node, M is also neither a

T-node nor a L-node, by definition of T-node.
Since X satisfies the role hierarchy restriction, there are two cases to consider.
Case 1.1.1: —e is not of the form —(>n P) or —(=n P").

Then, by Def. 7(a), tes’(N) iff t is a seed term of a node J and there is a path from J to
K. Furthermore, by Prop. 5(ii), there is a seed node K such that K—M and K—N and



tes’(K). But this is impossible. Indeed, we would have that K—M and K—N, M is la-
beled with e, and N is labeled with —e, which implies that K is a L-node. Hence, by
Def. 7(c), s '(K)=J, which implies that t¢s'(K). Therefore, we established that, for all
terms ¢, if t€s’(N) then tes(—e).

Case 1.1.2: —e is of the form —(=n P) or —(=n P").

Case 1.1.2.1: X' defines no subroles for P.

Follows as in Case 1.1.1, again using Def. 7(a) and Prop. 5(ii).
Case 1.1.2.2: Y defines subroles for P.

Since X' satisfies the role hierarchy restriction, X has no constraint of the form
h = —(=n P) or of the form & = —(=n P"). Then, by Prop. 3(vii), for any node K, if

K—N, then K is labeled only with negative concept expressions. Therefore, there

could be no seed node K such that K— N. Hence, by Def. 7(a), there is no term ¢ such
that s '(N)=, which contradicts the assumption that tes’(N).

Therefore, in all cases, we established that, for all terms ¢, if tes5’(N) then tes(—e).
Case 1.2: N is a role expression node.
Follows likewise, using Prop. 5(ii) again and Def. 7(b).

Thus, in both cases, we established that s '(N) < s(—e), as desired.

Case 2: Nis a T-node.

Let N be the dual node of N. Since N is a T-node, we have that N is a L-node. Fur-
thermore, since —e labels N, e labels N . Since e is a positive expression, by Lemma
13i), s(N )=s(e)=D.

Case 2.1: N is a concept expression node.

By Def. 7(d) and definition of s(—e), we have s’(N)=A4/ @]=s(—e), which trivially im-
plies s’(N) < s(—e).

Case 2.2: N is a role expression node.

By Def. 7(e) and definition of s(—e), we then have s’(N) = A[@D] x A[D] = s(—e),
which trivially implies s °(N) < s(—e).

Therefore, we established that, in all cases, Lemma 1(ii) holds. []

We are now ready to state the first result of the paper.

Theorem 1: Assume that 2 satisfies the role hierarchy restriction. Let s be the canoni-
cal Herbrand interpretation induced by a canonical instance labeling function for
G(2,€0) and A/ @]. Then, we have

(i) sisamodel of 2.



(1) Let e be an atomic concept or a minCardinality constraint of the form (=7 P).
Let N be the node of G(2,€J) labeled with e. Then, N is a L-node iff s(e)=2.

(iii) Let e be a minCardinality constraint of the form (=k P), with k > /. Assume that
G(2,£)) has a node labeled with e. Then, N is a L-node iff s(e)=.

(iv) Let P be an atomic role. Let N be the node of G(2, €2 labeled with P. Then, N is
a L-node iff s(P)=Q.

Proof Sketch Let 2'be a set of normalized constraints and £2be a set of constraint ex-
pressions. Let G(2, ) be the graph that represents X' and (2. Let @ be a set of distinct
function symbols and 4/ @] be the Herbrand Universe for @. Let s’ be a canonical in-
stance labeling function for G(2,€2) and A/ @/ and s be the interpretation induced by
s,

(i) We prove that s satisfies all constraints in 2.

Let e = f'be a constraint in 2. By the restrictions on the constraints in 2, e must be
positive and f'can be positive or negative. Therefore, there are two cases to consider.

Case 1: e and fare both positive.

Then, by Lemma 1(i), s’ (M)=s(e) and s’(N)=s(f), where M and N are the nodes la-
beled with e and f, respectively. If M=N, then we trivially have that s’(M)=s’(N). So
assume that M#=N. Since e = f'is in 2’ and M=N, there must be an arc (M,N) of G(Z,€J).
By Prop. 5(i), we then have s’(M) < s’(N). Hence, s(e) = s’ (M) < s’(N) = s(f).

Case 2: e is positive and f'is negative.

Then, by Lemma 1(i), s (M)=s(e) and, by Lemma 1(ii), s (N) < s(f), where M and N
are the nodes labeled with e and f, respectively. Since negative expressions do not oc-
cur on the left-hand side of constraints in 2, e and f cannot label nodes that belong to
the same clique in the original graph. Therefore, we have that M=N. Since e = f'is in
2 and M#N, there must be an arc (M,N) of G(2,€)). By Prop. 5(i), we then have s’(M)

c s’(N). Hence, s(e) = s’ (M) = s’(N) < s(f).
Thus, in both cases, s(e) < s(f). Therefore, for any constraint e = fin X, we have

that s = e = f, which implies that s is a model of 2.

(ii) Let e be an atomic concept or a minCardinality constraint of the form (=/ P). By
Stage 1 of Def. 1, G(2,€)) always has a node N labeled with e. Since e is positive, by
Lemma 1(i), s(e)=s’(N).

Assume that N is a 1 -node. Then, by Lemma 1(i) and Def. 7(c), s(e)=s’(N)=2.
Assume that N is not a 1-node. Note that N cannot be a T-node, since N is labeled

with the positive expression e. Then, N is neither a 1-node nor a T-node. By Def.
6(ii) and Def. 7(a), the seed term ¢/N] of N is such that ¢/N]es’(N). Hence, trivially,
s(e)=s’(N)=J.

(iii)(iv) Follows as for (ii). [J



Based on Theorem 1, we can then create a simple procedure to test strict satisfia-
bility, which has polynomial time complexity on the size of 2:

SAT(2)
input: a set X of extralite constraints that satisfies the role hierarchy restriction.
output: “YES - X'is strictly satisfiable”

“NO - Xis not strictly satisfiable”

1) Normalize the constraints in 2, creating a set 2.

2) Construct the constraint graph G(2”) that represents 2.

3) If G(2’) has no L-node labeled with an atomic concept or an atomic role,
then return “YES - X'is strictly satisfiable”;
else return “NO - Y'is not strictly satisfiable”.

From Theorem 1, we can also prove that:

Theorem 2. Assume that X satisfies the role hierarchy restriction. Let o be a norma-
lized extralite constraint. Assume that o is of the form e = f'and let £2 = {e, f}. Then,
Y= oiff one of the following conditions holds:

(i) The node of G(2,£J) labeled with e is a 1 -node; or

(i1) The node of G(2,€J) labeled with f'is a T-node; or
(iii) There is a path in G(2,€) from the node labeled with e to the node labeled with f.

Proof Sketch Let 2 be a set of normalized constraints. Assume that X satisfies the
role hierarchy restriction. Let e = f be a constraint and 2 = {e,f}. Let G(2£2) be the
graph that represents 2 and (2. Observe that, by construction, G(2,£2) has a node la-
beled with e and a node labeled with f. Let M and N be such nodes, respectively.

(<) Follows directly from Prop. 4.

(=) We prove that, if the conditions of the theorem do not hold, then X i e = f.
Since e = f'is a constraint, we have:

(1) e is either an atomic concept C, an atomic role P or a minCardinality of the form
(>k p), where p is either P or P, and

(2) fis either an atomic concept C, a negated atomic concept —D, an atomic role P, a
negated atomic role O, a minCardinality constraint of the form (=k p), or a ne-
gated minCardinality constraint of the form —(>k p), where p is either P or P".

Assume that the conditions of the theorem do not hold, that is:
(3) The node M labeled with e is not a 1 -node; and

(4) The node N labeled with f'is not a T-node; and
(5) There is no path in G(2,€2) from M to N.

To prove that X ¥ e C f, it suffices to exhibit a model » of X such that » ¥ e = f.

Recall that » #e = fiff (i) if e and f are concept expressions, there is an individual ¢



such that ter(e) and ter(f) or, equivalently, ter(—f); (ii) if e and f are role expres-
sions, there is a pair of individuals (7,u) such that (z,u) er(e) and (t,u)2r(f) or, equiva-
lently, (t,u)er(—p);

Recall that, to simplify the notation, e—f denotes that there is a path in G(2€)

from the node labeled with e to the node labeled with £, and e+ to indicate that no
such path exists.

Since e = f'is a constraint, ¢ must be non-negative and f can be negative or not.
Hence, there are 2 cases to consider.

Case 1: e and fare both positive.

Let s’ be a canonical instance labeling function for G(2,£2) and s be the interpretation
induced by s’. By Theorem 1, s is a model of 2. We show that s = e = f.

Case 1.1: Nis a L-node.

Since N is a L-node, by Prop. 4(iii), we have that 2 = f = 1, which implies that
s(f)=2, since s is a model of 2.

By (1), e is either an atomic concept C, an atomic role P or a minCardinality of the
form (>k p), where p is either P or P". By (3), M is not a 1-node. Hence, we have that
s(e)#, by Theorem 1 (ii), (iii) and (iv). Hence, we trivially have that s ¥ e C f.

Case 1.2: Nis not a 1-node.

Observe that M and N are neither a L-node nor a T-node. Indeed, by assumption of

the case and by (4), N is neither a 1-node nor a T-node. Now, by (3), M is not a |-
node. Furthermore, by Prop. 3(iv-b), since M is labeled with a positive expression e,

M cannot be a T-node.

By Lemma 1(i), since e is positive by assumption, by Def. 6(ii),(iii) and (iv), and
by Def. 7(a) and (b), since M is neither a L-node nor a T-node, we have
(6) s’(M)=s(e) and there is a seed term c¢/M]es’(M), if M is a concept expression

node s’(M)=s(e) and there is a seed pair (t,u)es’(M), if M is a role expression
node

By definition of canonical instance labeling function, we have:

(7) For each concept expression node K of G(2 ) that is neither a L-node nor a
T-node, ¢/M] es’(K) iff there is a path from M to K
For each role expression node K of G(2, () that is neither a 1-node nor a T-node,
(t,u)es’(K) iff there is a path from M to K

By (5), we have e+ f. Furthermore, N is neither a | -node nor a T-node. Hence, by
(7), we have:



(8) ¢[/M]¢s’(N), if N is a concept expression node
(tu)es’(N), if N is a role expression node
Since fis positive, by Lemma 1(i), s (N)=s(f). Hence, we have
(9) c/M]es(f), if fis a concept expression
(tu)es(f), if fis a role expression
Therefore, by (6) and (9), s(e) £s(f), that is, s He = f, as desired.
Case 2: ¢ is positive and f'is negative.

Assume that f'is a negative expression of the form —g, where g is positive.

Case 2.1: e—g.

Let s’ be a canonical instance labeling function for G(2,£2) and s be the interpretation
induced by s’. By Theorem 1(i), s is a model of 2. We show that s # e C f.

By Prop. 4(i) and (ii), and since s is a model of 2, we have that
s = e =g, if e and g label the same node, and s = e = g, otherwise. Hence, we have

that s # e = —g. Now, since f'is =g, we have s #e C f, as desired.
Case 2.2: e+ g.
Construct @ as follows:

(10) @ is X with two new constraints, H = e and H = g, where H is a new atomic
concept, if e and g are concept expressions, or H is a new atomic role, if e and g
are role expressions

Let »” be a canonical instance labeling function for G(@,€2) and r be the interpreta-

tion induced by r’. By Theorem 1(i), 7 is a model of @. We show that 7 £ e = f.
We first observe that
(11) There is no expression 4 such that e—#4 and g——# are paths in G(X Q)
Indeed, by construction of G(2,€), g——h iff h——g. But e—h and h——g implies

e——g, contradicting (5), since f'is —g. Hence, (11) follows.

We now prove that
(12) There is no positive expression 4 such that H—h and H——h are paths in G(@,£)

Assume otherwise. Let 4 be a positive expression such that H—#4 and H——h are
paths in G(@,€J).

Case 2.2.1: H—e—h and H—g——h are paths in G(®, ).
Then, e—h and g——h must be paths in G(2,€J), which contradicts (11).
Case 2.2.2: H—e——h and H—g— h are paths in G(®, ).



Then, e——h and g—/ must be paths in G(2,€2). But, since g— h iff —-h——g, we have
e——h——g is a path in G(2,£2), which contradicts (5), recalling that fis —g.

Case 2.2.3: H—e—h and H—e——h are paths in G(®,€J).

Then, e—h and e——/ must be paths in G(2,€2), which contradicts (3), by definition
of L-node.

Case 2.2.4: H—g—h and H—g——h are paths in G(@,€J).

Then, g—h and g——h must be paths in G(2,€2). Now, observe that, since —g is f, that
is, fand g are complementary expressions, g labels N , the dual node of N in G(Z,€).

Then, g—# and g——h implies that N is a L-node of G(Z.£2), that is, N is a T-node,
which contradicts (4).

Hence, we established (12).

Let K be the node of G(®,£) labeled with H. Note that, by construction of @, K is
labeled only with H. Then, by (12), K is not a L-node.

By Theorem 1(i), » is a model of @. Furthermore, by Theorem 1(ii) and (iv), and
since K is not a L -node, we have
(13)r(H)#2

Since HE e and H = g are in @, and since 7 is a model of @, we also have:
(14) r(H) < r(e) and r(H) < r(g)

Therefore, by (13) and (14) and since f'= —g

(15) r(e) N r(g) # D or, equivalently, r(e) & r(—g) or, equivalently, r(e) & r(f) or,
equivalently, r e C f
But since X' < @, r is also a model of X. Therefore, for Case 2.2, we also exhibited

a model r of X'such that  ¥-e C f; as desired.

Therefore, in all cases, we exhibited a model of X that does not satisfy e = £, as de-
sired. []

Based on Theorem 2, we can then create a simple procedure to test logical implica-
tion:

IMPLIES( 2, eCf)

input:  aset X of constraints satisfies the role hierarchy restriction,
and a constraint e = f

output: “YES - Ylogically implies e = /™
“NO - 2 does not logically imply e = /™

1) Normalize the constraints in 2, creating a set 2”.

2) Normalize e C f, creating a normalized constraint e’ = f”.

3) Construct G(2, {e’, f°}).

4) If the node of G(27, {e’, f°}) labeled with e’ is a L-node, or



the node of G(2”, {e’, f°}) labeled with f” is a T -node, or
there is a path in G(2”, {e’, })
from the node labeled with e’ to the node labeled with £,
then return “YES - Y'logically implies e = f™;
else return “NO - X does not logically imply e = ™.

Note that IMPLIES has polynomial time complexity on the size of X' U { e =}

4 Examples

4.1 Examples of Extralite Schemas

In this section, we introduce examples of concrete, albeit simple extralite schemas
with role hierarchies to illustrate how to capture commonly used ER model and UML
constructs as extralite constraints.

Example 1: Figure 1(a) shows the ER diagram of the PhoneCompany1 schema. Fig-
ure 1(b) formalizes the constraints: the first column shows the domain and range con-
straints; the second column depicts the cardinality constraints; and the third column
contains the subset and disjointness constraints.

The first column of Figure 1(b) indicates that:
number is an atomic role modeling an attribute of Phone with range string
duration is an atomic role modeling an attribute of ca11 with range String
location is an atomic role modeling an attribute of cal1 with range string

placedBy iS an atomic role modeling a binary relationship from call to
Phone

mobPlacedBy is an atomic role modeling a binary relationship from Mobile-
Call to MobilePhone

The second column of Figure 1(b) shows the cardinalities of the PhoneCompany1

schema:

number has maxCardinality and minCardinality both equal to 1 w.r.t. Phone
duration has maxCardinality and minCardinality both equal to 1 w.r.t. cal1

location has maxCardinality and minCardinality both equal to 1 w.r.t. Mobi-
leCall

placedBy has maxCardinality and minCardinality both equal to 1 w.r.t. ca11l
(placedBy  has unbounded maxCardinality and minCardinality equal to 0
w.r.t. Phone, which need not be explicitly declared)

mobPlacedBy has maxCardinality and minCardinality both equal to 1 w.r.t.
MobileCall

(mobPlacedBy  has unbounded maxCardinality and minCardinality equal to 0
w.r.t. MobilePhone, which need not be explicitly declared)

The third column of Figure 1(b) indicates that
MobilePhone and FixedPhone are subsets of Phone
MobilePhone and FixedPhone are disjoint



e MobileCall isasubsetofcall
e mobPlacedBy is asubset of placedBy

Note that the constraints saying that MobilePhone is a subset of Phone and that
MobileCall is a subset of Call do not imply that mobPlacedBy is a subset of pla-
cedBy. In general, concept inclusions do not imply role inclusions, as already dis-
cussed at the end of Section 2.1. [J

MobileCall

A

placedBy

Phone

| (disioing |

mobPlacedB MobilePhone

FixedPhone

Fig. 1(a). ER diagram of the PhoneCompany1 schema (without cardinalities).

3 number = Phone

J number = String
JdurationECall
Jduration = String
JlocationEMobileCall
Jlocation & String
JdplacedByE=Call
JplacedBy C Phone
JmobPlacedBy EMobileCall
JImobPlacedBy C MobilePhone

Phone C (£ 1 number)

Phone C (= 1 number)

CallE= (£ 1duration)

Call= (= 1duration)
MobileCall=(<1 location)
MobileCall= (21 location)
Call= (< 1placedBy)

Callc= (=2 1placedBy)
MobileCall = (£ 1 mobPlacedBy)
MobileCall = (= 1 mobPlacedBy)

FixedPhone
C Phone
MobilePhone
C Phone
MobilePhone
| FixedPhone
MobileCall
CCall
mobPlacedBy
C placedBy

Fig. 1(b). Formal definition of the constraints of the PhoneCompany1 schema.

Example 2: Fig. 2(a) shows the ER diagram of the PhoneCompany2 schema, and
Figure 2(b) formalizes the constraints, following the same organization as that in Fig.

1(b). Note that:

e MobilePhone and Phone are disjoint atomic concepts
e MobileCall and call are disjoint atomic concepts
e PlacedBy is an atomic role modeling a binary relationship from ca11l to

Phone

e mobPlacedBy is an atomic role modeling a binary relationship from Mobile-

Call to MobilePhone

e the constraints of the schema imply that P1acedBy and mobPlacedBy are dis-
joint roles, by the disjunction-transfer rule introduced at the end of Section 2.1

(see also Example 3(b)). [



mobLocation

] ]
{disjoint} {disjoint}
MobileCall robPlacedB MobilePhone

Fig. 2(a). ER diagram of the PhoneCompany?2 schema (without card. and disjunctions).

3 Number £ Phone

3 Number "CE String

J DurationECall

3 Duration = String
JplacedByC=Call
JplacedBy = Phone
JImobDuration EMobileCall
ImobDuration = String
ImobLocation = MobileCall
ImobLocation = String
ImobPlacedBy EMobileCall
I mobPlacedBy & MobilePhone

Phone E (£ 1 number)

Phone = (= 1 number)

Call= (< 1Duration)

Call= (= 1 Duration)

Call= (£ 1placedBy)

Call= (2 1 placedBy)
MobileCall = (< 1 mobDuration)
MobileCall = (= 1 mobDuration)
MobileCall= (<
MobileCallE (>
MobileCall= (<
MobileCallE (=

1 mobLocation)
1 mobLocation)
1 mobPlacedBy)
1 mobPlacedBy)

MobilePhone
| Phone
MobileCall
|Call

Fig. 2(b). Formal definition of the constraints of the PhoneCompany2 schema.

4.2 Examples of Representation Graphs

In this section, we illustrate representation graphs and their uses in the decision pro-

cedures of Section 3.3.

Example 3: Let X be the following subset of the constraints of the PhoneCompany?2
schema, introduced in Example 2 (we do not consider all constraints to reduce the size

of the example):

normalized as: (>1 placedBy)

CCall

normalized as: (>1 placedBy~) = Phone

normalized as: (>1 mobPlacedBy) EMobileCall

normalized as: (=1 mobPlacedBy ) = MobilePhone
normalized as: Call = — (=2 placedBy)
normalized as: MobilePhone = —Phone

(1) TdplacedBy=cCall

(2) 3JplacedBy C Phone

(3) I mobPlacedBy T MobileCall
(4) JmobPlacedBy = MobilePhone
(5) CallE (L1 placedBy)

(6) MobilePhone |Phone

(7) MobileCall|Call

Figure 3 depicts G(2), the graph that represents X, using the normalized con-
straints. In special, the dotted arcs highlight the paths that correspond to the condi-

normalized as: MobileCall = —Call




tions of Stage 4 of Definition 1, and the dashed arcs indicate the arcs that Stage 4 of
Definition 1 requires to exist, which capture the derived constraint:

(8) mobPlacedBy|placedBy normalized as: mobPlacedBy = —placedBy

Since G(2) has no L-node labeled with an atomic concept or an atomic role, X'is
strictly satisfiable, by Theorem 1. However note that (>2 placedBy) is a L-node of
G(2). [

A\

| _(>2 placedBy) | (>2 placedBy)

A

\i

|ﬁ<21 placedBy) | |ﬁ(21 nobPlacedBy) | | (>1 mobPlacedBy) | | (>1 placedBy) |
4 A
\ A Y
—>| _call | | _MobileCall | | MobileCall | | Call |—
'y 1
|ﬁ(z1 placedBy ) | |ﬁ(21 mobplacedBy’)H (21 mobPlacedBy ) | | (21 placedBy ) |
A A
Y Y
| —Phone | | —MobilePhone | | MobilePhone | | Phone |

A

I —placedBy I I —mobPlacedBy II mobPlacedBy I I placedBy I
A T

Fig. 3. The graph representing 2.

Example 4: Let 2 be the following subset of the constraints of the PhoneCompany1
schema, introduced in Example 1 (again we do not consider all constraints to reduce
the size of the example):

(1) dJplacedBy=call normalized as: (>1 placedBy) ECall
(2) 3JIplacedBy E Phone normalized as: (>1 placedBy ) = Phone
(3) callc (<1 placedBy) normalized as: Call =—(>2 placedBy)

(4) MobileCall=Ccall
(5) mobPlacedBy L placedBy



Let ¥ be defined by adding to 2 a new atomic concept, ConferenceCall, and
two new constraints:

(6) ConferenceCall =Call
(7) ConferenceCall £ (>2 placedBy)

These new constraints intuitively say that conference calls are calls placed by at
least two phones. However, this apparently correct modification applied to the Pho-
neCompanyl schema forces ConferenceCall to always have an empty interpreta-
tion. Example 5(c) will also show that (6) is actually redundant.

Figure 4 depicts G(¥), the graph that represents ¥, using the normalized con-
straints. Note that there is a path from ConferenceCall to —ConferenceCall. Al-
so note that there are paths from the node labeled with ConferenceCall to nodes
labeled with call and —Call, as well as to nodes labeled with (=2 placedBy) and
— (=2 placedBy) and nodes labeled with (>1 placedBy)and — (=1 placedBy).
The arcs of all such paths are shown in dashed lines in Figure 4.

Hence, the node labeled with ConferenceCall is a L-node of G('#), which im-
plies that ¥ is not strictly satisfiable, by Theorem 1. Indeed, any interpretation s that
satisfies ¥'is such that s(ConferenceCall) ¢ s(—ConferenceCall) holds, which
implies that s(ConferenceCall)=. []

|ﬁ<21 placedBy ) |<—| —Phone | | Phone |<—| (>1 placedBy ) |

I.I ~(>2 placedBy) |.,. -

-
- -
7 -- --

- - |

_,I (>2 placedBy) |<,
T

~ -
| - |

|

|

|

' - = ~ |

N - |

| — (21 placedBy) |<--| —Call | | call |<- { (>1 placedBy) | \

1 - = 1
1 _--" T o--o - ]
| _-- S<o |
1 -~ \ S~ |
L| —ConferenceCall | | _MobileCall | | MobileCall | | ConferenceCall I_'

I —placedBy I—>| —mobPlacedByI I mobPlacedBy I—->I placedBy I

Fig. 4. The graph representing ¥.

Example 5: This example illustrates the three cases of Theorem 2. Let ¥be the set of

constraints considered in Example 4 and G('¥) be the graph representing ¥, shown in
Figure 4.

(a) Let o be the constraint ConferenceCall £ (>1 placedBy’). Note that o is of
the form e = f, where e = ConferenceCall and f =(>1 placedBy ). Then,
G(Y¥,{e, f}) is equal to G('¥P), since G('¥P) already contains nodes labeled with Confe-



renceCall and with (>1 placedBy"). Recall from Example 4 that the node labeled
with conferencecall is a L-node of G('#), and hence of G(¥,{e, f}). Then, by Theo-
rem 2(i), we trivially have

Y &= ConferenceCall C (21 placedBy)

(b) Let o be the constraint Phone = —ConferenceCall. Note that o is of the form
e = f, where e = Phone and f= —ConferenceCall. Since the node labeled with
ConferenceCall is a L-node of G(¥,{e, f}), the node labeled with —~Conference-

Call is T-node of G('¥{e, f}). Hence, by Theorem 2(ii), we have
¥ E Phone = —ConferenceCall

(c) Let o be the constraint ConferenceCall = Call. Note that o is of the form
e = f, where e = ConferenceCall and f'= Call. Since there is a path in G(¥ U{e,
f}) from the node labeled with ConferenceCall to the node labeled with call pass-
ing through the nodes labeled with (>2 placedBy) and (>1 placedBy), by Theo-
rem 2(iii), we have

J'EConferenceCall=Call

Hence, constraint (6) in Example 4 is actually redundant. [J
4.3 Two Applications of Representation Graphs

In this section, we briefly discuss two applications of representation graphs. The first
application explores how to use representation graphs to suggest changes to a strictly
unsatisfiable schema until it become strictly satisfiable.

Example 6: Consider again the modified set of constraints ¥ of Example 4. To sim-
plify the discussion, given an expression e, when we refer to node e, we mean the
node labeled with e. Recall that Fig. 4 shows the graph representing #. Also recall
that the sources of the strict unsatisfiability of ¥ are the paths shown in dashed lines
in Fig. 4.

Note that the arc from node (=2 placedBy) to node (=1 placedBy) is in
G(¥P) by virtue of the semantics of these minCardinality expressions and, hence, it
cannot be dropped (and likewise for the arc from —(>1 placedBy) to
— (22 placedBy)). Therefore, the simplest ways to break the faulty paths are:

(a) Drop the arc from node ConferenceCall to node (>2 placedBy) (and con-
sequently the dual arc from node — (22 placedBy) to node —Conference-
Call).

(b) Drop the arc from node Call to node —(>2 placedBy) (and consequently the
dual arc from node (>2 placedBy) tonode —Call).

Note that the strict satisfiability of the schema would not be restored by dropping
just the arc from node ConferenceCall to node Call (and its dual arc), or the arc
from node (>1 placedBy) tonode Call (and its dual arc).

The representation graph is neutral as to which arc to drop. Thus, we must base our
decision on some schema redesign heuristics. Both options are viable, but they ob-



viously alter the semantics of the schema. Option (a) amounts to dropping constraint
(7) of Example 4, which requires ConferenceCall to be a subset of
(22 placedBy) . This option is not reasonable since it obliterates the very purpose
of the redesign step, which was to model conference calls as calls placed by at least
two phones. Option (b) means dropping constraint (3), which would alter the seman-
tics of Call. However, it is consistent with the purpose of the redesign step and is
better than Option (a).

A third option would be to create a second specialization of Call, say, nonConfe-
renceCall, and alter constraint (3) of Example 4 accordingly. The constraints of Ex-
ample 4 would now include:

(8) (=1 placedBy) =Call

(9) (=1 placedBy ) = Phone

(10) MobileCall=Call

(11) mobPlacedBy EplacedBy

(12) conferenceCall =Call

(13) ConferenceCall & (22 placedBy)

(14) nonConferenceCall E=cCall

(15) nonConferenceCall = — (22 placedBy)

In view of (13) and (15), note that it would be redundant to include a constraint to
force ConferenceCall and nonConferenceCall to be mutually exclusive. From the
point of view of schema redesign practice, this would be the best alternative since it
retains the information that there are calls with just one originating place. [

The second application we briefly discuss is how to integrate two schemas, S; and
S5, which use the same concepts and properties, but differ on their constraints [9].
More precisely, denote by Th(o) the set of all constraints which are logical conse-
quences of a set of constraints o. Let 2; and %) be the sets of (normalized) constraints
of two schemas, S; and S, respectively. The goal now is to come up with a set of con-
straints 7 that conveys the common semantics of §; and S, that is, a set of constraints
I such that Th(I) = Th(X;) N Th(2,).

Example 7: Let G(2}) and G(2),) be the graphs that represent the sets of constraints %
and X,. Denote their transitive closures by G*(2;) and G*(2,). Based on Theorem 2,
we illustrate in this example how to use G*(2;) and G*(2,) to construct a set of con-
straints /”such that Th(l) = Th(X;) N Th(2)).

Suppose that 2; is the following subset of the normalized constraints of the Phone-
Companyl schema of Example 1 (again we do not consider all constraints to reduce
the size of the example; we also abbreviate the names of the atomic concepts and
roles in an obvious way, i.e., pc stands for placedBy, etc.):

1) (21 pc) EC

(2) (=lpcH P
(3) cE=—(22 po)
(4) (21 mpc)&EMC
(5) (2lmpc’) =EMP
6) mMccc

(7) MpcP



®)

mpc E pc

Suppose that 2, is the following subset of normalized constraints of the Phone-
Company?2 schema of Example 2:

9)

(10)
(1)
(12)
(13)
(14)
(15)

(21l pc) EC
(2lpc) EP
CE—= (22 pc)
(21 mpc) EMC
(21 mpc™) EMP
MC E-C

MP E—P

For i=1,2, let G(2;) be the graph that represents 2; (Figure 3 depicts G(2,)). We
systematically construct 7 such that Th(l) = Th(X;) N Th(%,) as follows. Tables 1(a)

and

1(b) show the arcs of G*(2;) and G*(2,). Note that a tabular presentation of the

arcs, as opposed to a graphical representation, is much more convenient since we are
working with transitive closures. For example, line 3 of Table 1(a) indicates that
G*(2;) has an arc from the node labeled with (>1 pc) to the nodes labeled with c
and — (2 pc).

In this specific example, Table 1(c) induces /" as follows:

Lines 10, 15 and 16 are discarded since they correspond to arcs in just G*(2)).
Lines 1, 5, 6, 9 and 12 are discarded since they have a negated expression on the
left-hand side cell.

Line 4 corresponds to a special case of a L-node (c.f. Theorem 2(1)).

The other lines retain just the arcs that are simultaneously in G*(2)) and G*(2}).

Table 1 shows the final set of constraints in /*

(16)
()
(18)
(19)
(20)
(1)
(22)
(23)
(24)

CE— (22 pc) from line 2
(21pc) EC from line 3
(21 pc) &= (22 pc) from line 3
(22 pc) =L from line 4
MCC — (=2 pc) from line 7
(21 mpc) EMC from line 8
(>1 mpc) E—=(22 pc) fromline8
(21 pc) =P from line 11
(>1 mpc’) =EMP from line 14

Note that it is not entirely obvious that constraints (18), (19) and (22) are in
Th(X;) N Th(2;). We refer the reader to [9] for a detailed proof that this construction
indeed leads to a set of constraints /7 such that Th() = Th(X;) N Th(Z,). Roughly, it
corresponds to the saturation strategy in binary resolution.



(%

10

11

12

13

14

15
16

Table 1: Construction of the set of constraints /" that generates 2 A @.

(8) G*2}) (b) G*(2y) 6xr)
—MC — (=1 mpc) —MC — (21 mpc)
C — (22 pc) C —MC C — (22 pc)
— (21 mpc)
— (=22 pc)
(21 pc) c (21 p) c (21 pe) c
— (22 pc) —MC — (22 pc)
— (21 mpc)
— (=22 pc)
(22 pc) 1 (22 pc) 1 (22 pc) 1
— (21 pc) — (=22 pc) — (21 pc) — (=22 pc)
—C — (21 pc) —C — (21 pc)
— (=2 pc) — (=2 pc)
—MC
— (=1 mpc)
MC C MC —-C MC — (=2 pc)
— (22 pc) — (=1 pc)
— (=22 pc)
(=1 mpc) MC (=1 mpc) MC (=1 mpc) MC
C —C — (=2 pc)
— (22 pc) — (=1 pc)
— (=22 pc)
—MP — (=1 mpc") —MP — (=21 mpc")
P —MP
— (=21 mpc")
(21 pc) P (21 pcH) P (21 pcH) P
—MP
— (21l mpc)
—P — (=21 pc) —P — (=21 pc)
—MP
— (21 mpc)
MP P MP _P
— (=21 pc))
(=1 mpc’) MP (=1 mpc) MP (1 mpc’) MP
P —P
— (=21 pc)
pc —mpc
mpc —pc




5 Conclusions

We first introduced extralite schemas with role hierarchies, which are sufficiently ex-
pressive to encode commonly used ER model and UML constructs, including rela-
tionship hierarchies. Then, we showed how to efficiently test strict satisfiability and
logical implication for restricted extralite schemas with role hierarchies. The proce-
dures have low time complexity, and they retain and explore the constraint structure,
which is a useful feature for a number of problems, as pointed out in the introduction.

Finally, as future work, we plan to investigate the problem of efficiently testing
extralite schemas with role hierarchies for finite satisfiability [12].
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